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Abstract
Two-dimensional quantum gravity with an R2 term is investigated in the
continuum framework. It is shown that the partition function for small area A
is highly suppressed by an exponential factor exp{−2pi(1 − h)2/(m2A)}, where
1/m2 is the coefficient (times 32pi) of R2 and h is the genus of the surface.
Although positivity is violated, at a short distance scale ( ≪ 1/m) surfaces are
smooth and the problem of the branched polymer is avoided.
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Great progress in the formulation of 2d quantum gravity has been made since the
equivalence of 2d quantum gravity and dynamical triangulation (DT)[1] was estab-
lished. [2] [3] [4] [5] [6] [7] Conformally invariant matters with Virasoro central charge
cM ≤ 1 can be consistently coupled to 2d gravity [8] [9] and correlation functions com-
puted in both continuum and DT approaches coincide.[10] The partition function for
fixed area A is given by [8]
Z(A) = const.Aγstr(cM ,h)−3 e−
µ
2pi
A, (1)
where γstr is the string susceptibility [8] [9]
γstr(cM , h) =
1
12
[cM − 25−
√
(25− cM)(1− cM)](1− h) + 2, (2)
h is the number of handles of the closed orientable surface and µ is the renormalized
cosmological constant. Note that γstr is real for cM ≤ 1.
If cM > 1, however, γstr becomes imaginary and the continuum approach fails in
quantization of 2d gravity. The system is in a branched polymer phase and a full-fledged
surface theory has yet to be found. However, there have been several attempts to
circumvent the cM = 1 barrier, e.g., the extrinsic curvature term, W gravity, quantum
groups, etc. In this letter we will consider the R2 gravity theory. As is well-known,
surfaces have many spikes corresponding to large local fluctuations. At the ends of
spikes large scalar curvature R is localized. To smooth out surfaces we have to disperse
localized curvature all over the surface. Adding the R2 term to the action will suppress
wild fluctuations of R.1 We will investigate the R2 gravity within the framework of
conformally invariant field theory and show that the R2 term affects the short distance
property of surfaces and the problem of the branched polymer is avoided.
We will consider a gravity theory described by an action
1
8pi
∫
d2x(
1
4m2
R2 + 4µ0), (3)
where R is the scalar curvature, µ0 the bare cosmological constant and m a coupling
constant of mass dimension 1. This is a fourth-order derivative theory and rather
difficult to work with. We will instead introduce an auxiliarly field χ and define our
theory by an action: 2
Sχ(χ; g) =
1
8pi
∫
d2x
√
g(−iRχ +m2χ2 + 4µ0). (4)
1This term was first introduced in [11].
2Gaussian integration over χ in the conformal gauge (7) will formally yield a factor∏
x exp{− 12φ(x)}, which is equal to exp{ −148piSL(φ; gˆ)} when evaluated by using Heat kernel method.
This cancels RHS of eq (14) hence the theories (3) and (4) are equivalent.
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The partition function is given by
Z =
∫ DgDχDX
vol(Diff)
e−Sχ(χ;g)−SM (X
i;g), (5)
where SM(X
i; g) is the matter action given by
SM(X
i; g) =
1
8pi
∫
d2x
√
ggµν∂µX
i∂νX
i. (6)
Here X i(i = 1, 2, · · · , d) is a scalar field taking values in Rd. The action and the
integration measure in the partition function (5) are invariant under diffeomorphisms.
Hence the measure is divided by the volume of the diffeomorphisms, which is denoted
by vol(Diff).
In the conformal gauge we set
gµν = gˆµν(x; τ)e
φ(x), (7)
where φ(x) is a conformal mode and gˆµν(x; τ) is a background metric which depends
on additional parameters, moduli τ . The integration measure DgX is induced from the
following metric in the functional space of X i
‖δX i‖2g =
∫
d2x
√
g(δX i)2 =
∫
d2x
√
gˆeφ(δX i)2. (8)
Although SM(X
i; g) = SM(X
i; gˆ), i.e. SM is independent of φ(x), DgX depends on
φ(x) via conformal anomaly
DgX = DgˆX exp{ cM
48pi
SL(φ; gˆ)}. (9)
Here cM = d and SL(φ; gˆ) is the Liouville action:
SL(φ; gˆ) =
∫
d2x
√
gˆ (
1
2
gˆµν∂µφ∂νφ+ Rˆφ+ 2µ1e
φ). (10)
The measure Dgg is defined by the metric
‖δg‖2g =
∫
d2x
√
g (gµνgλρ + a0 g
µλgνρ)δgµλδgνρ, (11)
where a0 is a constant. This induces the following metric in the functional space of φ
‖δφ‖2g = 2(1 + 2a0)
∫
d2x
√
gˆeφ(δφ)2 ∝
∫
d2x
√
g(δφ)2. (12)
This metric is identical with the one in eq(8), and we have
Dgφ = Dgˆφ exp{ 1
48pi
SL(φ; gˆ)}. (13)
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Similarly we obtain
Dgχ = Dgˆχ exp{ 1
48pi
SL(φ; gˆ)}, (14)
DgbDgc = DgˆbDgˆc exp{−26
48pi
SL(φ; gˆ)}, (15)
where b (= bµν) and c (= c
µ) are the reparametrization ghosts.
The partition function (5) now takes the form
Z =
∫
dτ
∫
DgˆφDgˆχDgˆXDgˆbDgˆc exp{−S0(φ, χ; gˆ)− SM(X i; gˆ)− Sgh(b, c; gˆ)}, (16)
where
S0(φ, χ; gˆ) = Sχ(χ; e
φgˆ)− d− 24
48pi
SL(φ; gˆ), (17)
and Sgh(b, c; gˆ) is the action for the ghosts. By using
√
gR =
√
gˆ(Rˆ − ∇ˆµ∇ˆµφ), (18)
we have
S0(φ, χ; gˆ) =
1
8pi
∫
d2x
√
gˆ{gˆµν(−i∂µφ∂νχ+ 24− d
12
∂µφ∂νφ)
−iRˆχ+ 24− d
6
Rˆφ+m2eφχ2 + 4µeφ}. (19)
The last two terms should be renormalized. To fix the forms of renormalized operators
we note that the partition function (16) should be invariant under the transformation
given by [8]
gˆµν(x) → gˆµν(x)eσ(x),
φ(x) → φ(x)− σ(x), (20)
because the original theory (5) is defined in terms of φ and gˆµν through the product
eφ(x)gˆµν(x). It is easy to check that if m
2 = µ = 0, eq(16) is invariant under the
transformation (20). Therefore the terms
√
gˆeφχ2 and
√
gˆeφ should be renormalized
so that they are invariant separately. Equivalently we may regard these terms as
perturbations and demand that these operators have conformal weight (1,1). The
unperturbed (m2 = µ = 0) theory is conformally invariant and the stress tensor Tzz is
given by
Tzz =
i
2
: ∂zχ∂zφ : −24− d
24
: (∂zφ)
2 : − i
2
∂2zχ+
24− d
12
∂2zφ. (21)
The operator product expansion (OPE) of Tzz can be computed by using
χ(z)χ(w) = −24− d
3
ln(z − w),
χ(z)φ(w) = −2i ln(z − w),
φ(z)φ(w) = 0, (22)
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and we find that the central charge of Virasoro algebra generated by Tzz is given by
26− d, which indeed cancels the central charges of the matter and ghosts.
Instead of renormalizing
√
gˆeφ and
√
gˆeφχ2 separately, we will consider a general
operator
V (0)n (φ, χ) =
√
gˆeφχn. (23)
To renormalize V (0)n we consider the following vertex operator
V (φ, χ;α, β) =: eαφ+iβχ :, (24)
whose conformal weight is found, by using eqs (21) and (22), to be
∆0(α, β) = α + 2αβ +
24− d
6
β2. (25)
Demanding ∆0(α, β) = 1 yields
α = α(β) =
1− 24−d
6
β2
1 + 2β
= 1− 2β + d
24
∞∑
n=2
(−2β)n, (26)
and by expanding V (φ, χ;α(β), β) in powers of β we obtain an infinite set of (1,1)
operators Vn(φ, χ),
V (φ, χ;α(β), β) =
√
gˆ : exp{φ+ β(iχ− 2φ) + d
24
∞∑
n=2
(−2β)nφ} :,
=
∞∑
n=0
(iβ)n
n!
Vn(φ, χ). (27)
Renormalization modifies V (0)n (φ, χ) into Vn(φ, χ), the first few of which read
V0(φ, χ) =
√
gˆ : eφ :,
V1(φ, χ) =
√
gˆ : eφ(χ+ 2iφ) :,
V2(φ, χ) =
√
gˆ : eφ{(χ+ 2iφ)2 − d
3
φ} :,
V3(φ, χ) =
√
gˆ : eφ{(χ+ 2iφ)3 − d(χ+ 2iφ)φ− 2id φ} : . (28)
The cosmological term is not renormalized because φ(z)φ(w) = 0. By taking into
account renormalization of
√
gˆeφχ2 and
√
gˆeφ and defining a new field F according to
F = χ+ 2iφ, (29)
we rewrite the action (19) in the form
S(φ, F ; gˆ) = S0(φ, F − 2iφ; gˆ)
=
1
8pi
∫
d2x
√
gˆ{gˆµν(−i∂µφ∂νF − d
12
∂µφ∂νφ)
−iRˆF + 12− d
6
Rˆφ+m2 : eφ(F 2 − d
3
φ) : +4µeφ}. (30)
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The partition function for fixed area A is given by
Z(A;m,µ) =
∫
dτ
∫
DgˆφDgˆFDgˆXDgˆbDgˆc δ(
∫
d2x
√
gˆeφ − A)
exp{−S(φ, F ; gˆ)− SM(X i; gˆ)− Sgh(b, c; gˆ)}. (31)
We integrate over the zero mode of φ. We define
φ(x) = φ˜(x) + φ0, (32)
where φ0 is a constant. By using∫
d2x
√
gˆRˆ = 8pi(1− h) (33)
(h is the number of handles) and
δ(
∫
d2x
√
gˆeφ −A) = 1
A
δ(φ0 + ln{ 1
A
∫
d2x
√
gˆeφ˜}), (34)
we integrate over φ0 to obtain
Z(A;m,µ) = A−1+
d−12
6
(1−h)A
d
24pi
m2A e−
1
2pi
µA Y (m2A). (35)
Here Y (m2A) is defined by the following integral
Y (m2A) =
∫
dτ
∫
Dgˆφ˜DgˆFDgˆXDgˆbDgˆc (G[φ˜]) 12−d6 (1−h)− d24pim2A
exp[− 1
8pi
∫
d2x
√
gˆ {gˆµν(−i∂µφ˜∂νF − d
12
∂µφ˜∂ν φ˜)− iRˆF
+
12− d
6
Rˆφ˜} − 1
8pi
m2A(G[φ˜])−1
∫
d2x
√
gˆ : eφ˜{F 2 − d
3
φ˜} :
−SM (X i; gˆ)− Sgh(b, c; gˆ)], (36)
where
G[φ˜] =
∫
d2x
√
gˆeφ˜. (37)
We wil show below that
Y (m2A) ∼ const.exp {− 2pi
m2A
(1− h)2} for m2A→ 0. (38)
From eqs (35) and (38) we obtain the following asymptotic form for Z(A;m,µ)
Z(A;m,µ) ∼ const.Aγstr(h,m2A)−3 exp{− 2pi
m2A
(1− h)2} e− 12pi (µ+b0m2)A
for m2A→ 0, (39)
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where b0 is a constant and
γstr(h,m
2A) = 2 +
d− 12
6
(1− h) + d
24pi
m2A (40)
is the string susceptibility. Note that this depends on the area A and γstr is real for
any value of d.
To estimate the limit m2A → 0, we have to pay special attention to the F zero
mode, F0. If we formally set m
2A = 0 in eq (36), the potential for F0 is given by
− i
8pi
∫
d2x
√
gˆRˆF0 = −i(1− h)F0. (41)
This is not bounded even if F0 is analytically continued to iF0 and the integral is not
well-defined. In order to take the correct m2A→ 0 limit, we set
F (x) = F˜ (x) +
4pii(1− h)
m2A
, (42)
and substitute this into eq(36). Then F dependent part of eq (36) can be rewritten as
follows
− 1
8pi
∫
d2x
√
gˆ(−igˆµν∂µφ˜∂νF − iRˆF ) − 1
8pi
m2A
G[φ˜]
∫
d2x
√
gˆ : eφ˜F 2 :
= − 1
8pi
∫
d2x
√
gˆ(−igˆµν∂µφ˜∂νF˜ − i : F˜{Rˆ− 8pi(1− h)e
φ˜
G[φ˜]
} :)
− 1
8pi
m2A
G[φ˜]
∫
d2x
√
gˆ : eφ˜F˜ 2 : − 2pi(1− h)
2
m2A
. (43)
The first line on the RHS is invariant under the transformation
F˜ (x)→ F˜ (x) + const, (44)
and so the volume of F0 integration factors out in the limit m
2A→ 0.
This result can also be derived as follows. By formally integrating over F in eq (30)
we obtain an effective action (see footnote 2),
Seff =
1
8pi
∫
d2x
√
gˆ[
1− d
12
gˆµν∂µφ∂νφ+
13− d
6
Rˆφ− d
3
m2φeφ + 4µ′eφ]
+
1
8pi
∫
d2x
1
4m2
√
gR2. (45)
In the limit m → 0 we end up with a constraint R = 0, which is inconsistent with∫
d2x
√
gR = 8pi(1− h). Indeed a correct constraint has to be
R = ρ =
8pi
A
(1− h). (46)
7
Hence we obtain 3
1
32pim2
∫
d2x
√
gR2 =
1
32pim2
∫
d2x
√
g[(R− ρ)2 + 2ρR− ρ2],
=
1
32pim2
[
∫
d2x
√
g(R− ρ)2 + 16piρ(1− h)− ρ2A],
=
1
32pim2
∫
d2x
√
g(R− ρ)2 + 2pi(1− h)
2
m2A
. (47)
As for them2A→∞ limit, we cannot directly investigate eq(36) because the χmass
term is a perturbation. Actually the potential in eq (30) (after analytical continuation
F → iF )
RˆF +
12− d
6
Rˆφ+m2 : eφ(−F 2 − d
3
φ) : +4µeφ (48)
is not bounded below for F → ±∞ or in the IR limit φ → +∞ if d > 0. By a
physical consideration, however, we expect that the scalar field χ with infinite mass
will decouple from the rest of the system. In other words the R2 term will not affect
the long distance physics and the asymptotic behavior of Z(A;m,µ) will be given by
Z(A;m,µ) ∼ const.Aγ∞stre− µ2piA for m2A→∞, (49)
where γ∞str is the string susceptibility of 2d gravity without the R
2 term[8] [9]:
γ∞str =
1
12
[d− 25−
√
(25− d)(1− d)](1− h) + 2. (50)
From the above results (39) and (49), we can draw the following conclusion. Due
to the exponential factor in eq (39) the partition function for A ≪ 1/m2 is highly
suppressed. Therefore at a length scale smaller than 1/m surfaces will be smooth. On
the contrary at a length scale much larger than 1/m surfaces will have spiky structures
and if d > 1, they will look like branched polymers.
We can study roughness of surfaces by marking a point P on a surface Σ and
considering a connected region consisting of points within geodesic distance r from P.
If Σ is flat, this region will be a disk. If Σ is fluctuating and has spikes, this region will
have many boundaries. Recently the number of boundaries whose length is in between
l and l + dl, f(l, r)dl, was derived in pure gravity without the R2 term.[14]
f(l, r)dl ∼ 1
r2
e−l/r
2
[
(
l
r2
)− 5
2
+
1
2
(
l
r2
)− 3
2
+
14
3
(
l
r2
) 1
2
]dl (51)
This is singular for l → 0 and so there are an infinite number of very thin spikes.
We find that the number of boundaries
∫
∞
0 dlf(l, r) and the total length of boundaries
3Whenm→ 0, (32pim2)−1 ∫ d2x√g(R−ρ)2 is equivalent to ∫ d2x√gΦ(R−ρ), where Φ is a Lagrange
multiplier field. The latter action was studied in [12]. Since ρ = 8pi(1 − h)/ ∫ d2x√g (eq(46)), this
action is non-local in contrast with (32pim2)−1
∫
d2x
√
gR2.
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∫
∞
0 dlf(l, r)l are divergent. If we introduce the R
2 term to the action, spikes of size l
smaller than 1/m may be suppressed in the same fashion as surfaces of area A smaller
than 1/m2 are. This deserves a further study.
Finally let us give a few remarks.
1. R2 gravity theory does not satisfy positivity. This can be easily seen by analytic
continuation χ→ iχ. We have a particle of mass ∼ m with a wrong-sign kinetic
term.
2. If we consider a χ potential V (χ) different from m2χ2, we obtain a model in a
different universality class. For an action
S =
1
8pi
∫
d2x
√
g(Rχ−m2χ2p + 4µ0), (52)
the partition function behaves as
Z(A) ∼ Aγ′str−3 exp{−2p− 1
2p
(1− h){4pi(1− h)
pm2A
}1/(2p−1)} e− µ2piA
for m2A→ 0. (53)
3. We can slightly generalize the model(4) by introducing a kinetic term for χ
Sχ(χ; g, ξ) =
1
8pi
∫
d2x
√
g(
1
4ξ2
gµν∂µχ∂νχ+m
2χ2 − iRχ + 4µ0), (54)
where ξ is a parameter and in the limit ξ →∞ this action coincides with eq (4).4
Quantization of the model(54) proceeds in a parallel fashion with the previous
analysis of eq (4). The main difference is that the cosmological term is renormal-
ized
√
gˆ : exp(αφ) : and there are two possible values of α = α±, where
α± =
1
12
[24− d+ 12ξ2 ±
√
(12ξ2 − d)(24 + 12ξ2 − d)]. (55)
The values of α± are real and positive if
d ≤ 12ξ2 or d ≥ 12ξ2 + 24. (56)
We will restrict attention to the region d ≤ 12ξ2 which is accessible from the
semiclassical limit. In the limit ξ → ∞ or d → −∞, α− approaches 1 but α+
4 This model has a geometrical meaning. In the previous argument the world-sheet geometry was
assumed to be torsionless. The model (54) can be shown to be identical with the R2 gravity theory
with torsion[13] with the spin connection ωµ integrated out.
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blows up. Therefore we should choose α− as the correct value. The renormalized
χ mass term is given by
m2
√
gˆ : eα−φ [ {χ− 2iξ2

1−
√√√√24− d+ 12ξ2
−d+ 12ξ2

φ}2
− 4ξ
2d
−d+ 12ξ2
√√√√24− d+ 12ξ2
−d + 12ξ2 φ ] : . (57)
By an analysis of the partition function for fixed area, Z(A; ξ,m, µ), we obtain
an asymptotic form for m2A → ∞ which is the same as eq(39) with the string
susceptibility γstr (40) modified according to
γstr(d, h, ξ,m
2A) = 2− 2
α−

24− d+ 12ξ2
12
− ξ2
√√√√24− d+ 12ξ2
−d+ 12ξ2

 (1− h)
+
ξ2d
2piα−(−d + 12ξ2)
√√√√24− d+ 12ξ2
−d + 12ξ2 m
2A. (58)
We are grateful to Y. Okamoto for discussions and to N. Kawamoto for comments.
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